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Abstract 

Suppose that / : Fpn [0, 1] satisfies 

Sa/M = OF e [F^^^,F], where F = |Fp,.| = p". 

In tliis paper we will show the following: Let fj denote the size of the 
jth largest Fourier coefficient of /. If 

/. < 0^'^'^'f, 

for some integer j satisfying 

MS,p) < J < 

then S = support (/) contains a non-trivial three-term arithmetic pro- 
gression. Thus, the result is asserting that if the Fourier transform 
decays rapidly enough (though not all that rapidly - in particular, not 
quite exponentially fast), then S is forced to have a three-term arith- 
metic progression. This result is similar in spirit to that appearing in 
[T]; however, in that paper the focus was on the "small" Fourier co- 
efficients, whereas here the focus is on the "large" Fourier coefficients 
(furthermore, the proof in the present paper requires much more so- 
phisticated arguments than those of that other paper). 

Here is a partial description of how this result was proved: First, to 
get our proof started, we reduced to the case where 9, 5 and j satisfied 
certain nice constraints. For example, Meshulam's theorem [2] was 
used to reduce to the case 9 < then, we reduced to the case 

(5 < 2/3 by using a "dimension collapsing and cutting argument" from 
[1] which says that for special "smooth" functions /, the underlying 
set 5* must always be rich in three-term arithmetic progressions; and 
finally, this same argument (dimension collapsing) was used to reduce 
to the case where j < n?"^ . The rest of the proof used a type of Roth- 
Meshulam [2] iteration. Unfortunately, because our main theorem is 
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to work with densities 6 that can be much smaUer than n~^, which is 
the hmit of the basic Roth-Meshulam [5] approach, we cannot expect 
to use the usual "density increment" principle to reach a subset of 
S containing lots of three-term arithmetic progressions. Instead, we 
showed that the number of "large Fourier coefficients" decreases by a 
lot at each iteration. To show that this count indeed decreases by "a 
lot", and not just by one (as one can get by a trivial argument), we 
had to unravel some of the additive structure of the set of large Fourier 
coefRcients. One type of argument that could perhaps do this for us 
is that of Shkredov [3]; unfortunately, it appears that his argument 
does not work well in our present context. Instead, a "phase shifting 
and pigeonhole" argument, which appears in Lemma [TJ was used to 
get at some of this additive structure. But the hypotheses of this 
lemma are slightly unusual, and in order to make the Lemma useful for 
proving our main theorem, we needed to introduce an extra possibility 
into our Roth-Meshulam [5] iteration scheme; the two possibilities are 
basically the last two possible conclusions of Proposition [TJ Because 
these conclusions are somewhat different from each other, we needed 
to introduce certain "invariants" , which are ([5]) through (fT5|) , in order 
to show that our process eventually terminates with S having a non- 
trivial three-term arithmetic progression. 

We will assume throughout that 

F := ¥pn, and F := p'^ = |F|. 

Suppose that 

/ : F ^ [0,1], 

and that 

IE(/) = F-^Y.af{a) = e. 

Define 

A(/) := E^,rf(/(m)/(m+(i)/(m+2d)) = F-25]^,rf/(m)/(m+(i)/(m+2d). 

Note that if / is an indicator function for some set, then A(/) is some 
normalized count of the number of three-term arithmetic progressions in 
this set. 

In this paper we will prove a theorem which says that if / has too few 
large Fourier coefficients, then 

A(/) > eF-\ 
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which would thus imply that the set S given by 

S := support(/) = {m G F : f{m) > 0}, 

contains three-term arithmetic progressions. 

In order to properly state this result, we will need a few more definitions: 
First, given a function / defined on F, and given a € F, we let 

/(a) := E™/(m)e2-(--)/P, 

where the a • m is the usual dot product. Next, write 

F = {ai,...,aF}, 

where the a^s are ordered so that 

|/(ai)| > I/Ml > ••• > \fM\. 

Let us set 

ai = 

(there may be other values of a such that |/(a)| = |/(0)|), and let us assume 
that 

a2 = —03, 04 = —as, 

which we know is possible because from the fact that / : F ^ [0, 1] we 

deduce that 

/(a) = /(-a). 



The main theorem of this paper will show that if the Fourier transform 
of / decays rapidly enough, in the sense that \f{aj) \ is small enough, then we 
can deduce that S contains a non-trivial three-term arithmetic progression. 
This sort of result was proved in [1]; however, the focus of that paper was 
more on properties of the "small" Fourier coefficients, whereas in the present 
paper we work only with the "large" Fourier coefficients. Our theorem is as 
follows: 

Theorem 1 For any 6 > 0, and p prime, the following holds for all dimen- 
sions n (of our field F^n ) sufficiently large: Suppose that 

i?-i/9 < ^ < 1, 
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and suppose that for some integer j satisfying 

Jo{6,p) < j < F^/\ 

we have that 

\f{a,)\ < e^^'^^'F. (1) 

Then, S contains a three-term arithmetic progression; more specifically, we 
have that 

A(/) > eF-\ 

Remark 1. We note that a key strength of this theorem is this exponent 
1/2 + (5 in ([T|); for, if the exponent were replaced by the larger value l + o(l), 
then the proof would be profoundly easier, and indeed Proposition [3] below 
gives such a result. 

One way to get a feel for what this result is saying is to suppose that 9 ~ 
j^-ioo small to be dealt with using Roth-Meshulam [2] iteration), 

and then suppose that / has at most, say, n^'^ (the 1.9 can be any number 
smaller than 2) Fourier coefficients /(a) satisfying 

F'^'^ < I /(a) I < OF. 

Thus, a dyadic interval 

[2-^eF, 2-*+^6'F] C OF] 

contains on average about n^-'^~''i^) Fourier coefficients |/(a)| ~ or rather, 
norms of Fourier coefficients. Note that our Theorem [1] tells us that in this 
case S contains a non-trivial three-term arithmetic progression. 

Remark 2. We feel that Theorem [T] should have a much simpler proof than 
we give here in the present paper, perhaps along the lines of the argument 
in [Ij; furthermore, we believe that it ought to be possible to prove a much, 
much stronger result. Here are two conjectures along these lines, the second 
much stronger than the first: 

Conjecture 1. There exists < c < 1 such that the following holds for 
every 5 > 0, p > 3 prime, and dimensions n sufficiently large: If 

e > F-\ and \ f{aj)\ < 9^' F, 

for some 

Jo{6,p) < j < F^'\ 
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then S contains a non-trivial three-term arithmetic progression. 

Conjecture 2. There exists < ci < 1 and C2 > such that the fohowing 
holds for all p > 3 prime, and dimensions n sufficiently large: If 

e > F-^\ and \ f{aj)\ < 9^^^°s^F, 

for some 

Job) < j < F^/\ 
then S contains a non-trivial three-term arithmetic progression. 

Remark 3. Here is a partial description of how the proof of Theorem [T] 
goes: First, to get the proof started we reduce to some case where 9,5 and 
j satisfy certain nice constraints. For example, we use Meshulam's theorem 
i2j to reduce to the case 6 < 1/p; then, we reduce to the case 5 < 2/3 by 
using a "dimension collapsing and cutting argument" from [T] which says 
that for special "smooth" functions /, the underlying set S must always 
be rich in three-term arithmetic progressions; and, finally, we use this same 
argument (dimension collapsing) to reduce to the case j < v?~^ . The rest 
of the proof uses a type of Roth-Meshulam [2] iteration. Unfortunately, 
because Theorem [1] is to work with densities that can be much smaller 
than n~^, which is the limit of the basic Roth-Meshulam [2j approach, we 
cannot expect to use the usual "density increment" principle to reach a 
subset of S containing lots of three-term arithmetic progressions. To get 
around this, we instead show that at each Roth-Meshulam [2] iteration the 
number of "large Fourier coefficients" decreases by a lot. To show that 
this count indeed decreases by "a lot", and not just by one (as one can 
get by a trivial argument), we must unravel some of the additive structure 
of the set of large Fourier coefficients. One type of argument that could 
perhaps do this for us is that of Shkredov p]; unfortunately, it appears 
that his argument does not work well in our present context. Instead, we 
use a "phase shifting and pigeonhole" argument, which appears in Lemma 
[T] below, to get at some of this additive structure. But the hypotheses of 
this Lemma are slightly unusual, and in order to make the Lemma useful 
for proving Theorem [H we need to introduce an extra possibility in our 
Roth-Meshulam [2] iteration scheme; the two possibilities are basically the 
last two possible conclusions of Proposition [H which is stated in the next 
section. Because these conclusions are somewhat different from each other, 
we need to introduce certain "invariants", which are (l8|) through (|15p . in 
order to show that our process eventually terminates with S having a non- 
trivial three-term arithmetic progression. 
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1 Proof of Theorem [T] 
1.1 Preliminary results 

The proof of our theorem wih fohow a certain type of Roth iteration, but one 
which incorporates some of the non-trivial additive structure of sets having 
no three-term arithmetic progressions. The main proposition we use which 
incorporates this additive structure into Roth iteration is as foUows. 

Proposition 1 For every prime p > 3, there exist integers 

no(p) and jo(p) > 1 

such that if the following all hold 

• 

n = dim(F) > no{p), j > jo{p); 



/ : F ^ [0,1], where E(/) = 9 > 2F~^/^ and, 



|/(a,-)[ < e^'^'^'F, and l/(a,_i)l > 2F-'/\ (2) 

then one of the following must hold: 

• Either S = support(/) contains a non-trivial three-term arithmetic 
progression; 

• or, for 

£ = \j/50-] 

we have that 

|/(a,)| < e^^'^'^'F; 

• or, there exists a function h : F^n-i [0, 1] such that 

support(/i) has 3APs =^ S has 3APs, 
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such that 

and such that if we let 

{bi, ...,bpn-i} = Fpn-i satisfy \h{bi)\ > ■ ■ ■ > \h{bpn-i)\, 
and set 

bi = 0, 62 = -63, h = -b5, 

then for 

e = j + 51 - L(i/50)i/2j 

we will have 

\h{h)\ < e^'^^'p^. 

Next, we will need the following two Propositions to clean up certain 
"exceptional cases" that arise later in the body of the proof of Theorem [TJ 
Furthermore, the second of these. Proposition [3l can be thought of as a weak 
version of Theorem [H where instead of having j^/^ in the exponent 0^^^'^*^ , 
we have j + 2. 

Proposition 2 Suppose / : F — > [0, 1], that our dimension n is sufficiently 
large in terms of p, that 

E(/) > 2pF-^l\ 

and that for some 

2 < j < F^/^ 

we have 

|/(a,)I < 0^32. 

Then, S = support(/) contains a non-trivial three-term arithmetic progres- 
sion. 

Proposition 3 Suppose / : F ^ [0, 1], that 

n = dim(F) > no(p), 

where no(p) is some function only of the characteristic p of the field ¥, and 
that 

E(/) = 9 > 2pF-^'^. 
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If for some 

2 < j < 

we have that 

\f{aj)\ < 

then S = support(/) contains a non-trivial three-term arithmetic progres- 
sion. 

1.2 Body of the Proof of Theorem [1] 
1.2.1 Initial reductions 

First, we can assume that 

< min(l/p, 1/4), 

for if 9 > 1/p or 1/4, then by Meshulam's theorem [2j we will have that 
once n is sufficiently large (as a functions of p alone), the set S contains a 
three-term arithmetic progression, thereby proving Theorem [TJ 
Next, we may assume that 

6^32 < \f{aj)\ < e^'^F, (3) 

since otherwise failure of this lower bound to hold would imply, by Propo- 
sition [21 that S contains a three-term arithmetic progression, which again 
would prove Theorem [TJ 

From this it follows that we may assume that 

e > > 2pF~^/^ (4) 

(with j > 256) for if this first inequality does not hold, then we will have 
from the hypotheses of Theorem [1] that 

|/(a,)| < e^'^'-^'F < F-^^'f < F-\ 

So, since 6 > F^^^^, it follows that this is smaller than 9'^/32 (for n suffi- 
ciently large), which would thus imply that S contains a three-term arith- 
metic progression. 
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1.2.2 Moving to a benign index / 

Now suppose that we are unlucky and have that 

\f{aj-i)\ < 2F1/2. 

If this holds, then let j' < j be the largest index for which 

|/(ajv_i)I > but |/(a,v)l < 2F^/^. 

Such an index j' clearly exists, since 

/(O) = OF > 2F'^/^ > 2F^/^ 

Next we claim that, in view of (jH), we may assume that j' is as large as 
we might happen to need, simply by choosing Jq as large as we like, where 
Jo is assumed to be a lower bound for j; more specifically, we will have that 

/ < Jo^Ve < j^/V6, 

then S would have to contain a three-term arithmetic progression: To see 
this, note that 

\f{aj>)\ < 2^1/2 < {F-^r'^^y'+^F/2 < 6^'+^F/2. 

Thus, Proposition [3] would imply that for n sufficiently large, the set S 
contains three-term arithmetic progressions. 

Next, observe that ([3]) implies that for j sufficiently large, 

\fiar)\ < 2FV2 < 0.^/^+V4^ < ef^'^'^^F < 

What this means is that we have passed from the pair 

{j,6) ^ if, 6'), with 6' = 5/2, 

such that for this new instance of j and 6 we have the hypotheses of Theorem 
[1] hold, at least if we choose Jq large enough so that j' > jo, because we 
have that 

eUr^'^^'p > 2F'/\ and |/(a,v_i)| > 2FV2. (5) 

The reason that this is useful is that it will allow us to use Proposition [U 
futhermore, we will apply Proposition [T] iteratively, and at each step of the 
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iteration we will want that the invariants ([5]) are maintained (as well as 
several other invariants listed below). 

For notational convenience, we will assume that we have ^ holding with 
j' replaced with j, and 5' replaced with 5. In other words, we will assume 

e^'^'-^'F > 1F^I\ and |/(a,-i)| > 1F^^\ (6) 

1.2.3 Further reductions 

We may assume that 

b < 2/3, 

at least for j > 7, since if (5 > 2/3, we would have that 
|/(a,)| < e^'^'^'F < 6^'^'f/2, 

and then Proposition [3] would imply that S contains a three-term arithmetic 
progression. 

Furthermore, we may assume that 

3 < n^^', 

for if j > n?"^, then using the facts that 5 < 2/3 and that 9 < 1/p, along 
with the hypotheses of our theorem, we would have that 

\fiaj}\ < e^''''^''''~'' F = p--'^''^'-'" F < 02/32, 

which by our arument above near ^ would imply that, again, S contains a 
three-term arithmetic progression. 

1.2.4 Invariants of applying Proposition [1] iteratively 

We now apply Proposition [1] iteratively, amplifying the value of (5 > at 
each step, until we get ourselves in a position where we can apply Propo- 
sition O We will think of each such iteration as a process that takes a 
particular instance of j and 5, and produces a new instance; so, application 
of Proposition [T] iteratively corresponds to a sequence 
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At each iteration, rather than having a function / : F ^ [0, 1], we wiU have a 
function hi : Fpn — > [0, 1]; in other words, we also will have a corresponding 
sequence of functions and dimensions given by 

:= (/i2,n2) 

where 

rij+i = Ui or Ui 

We get that nj+i = rij — 1 precisely if the last bullet of the conclusion of 
Proposition [1] is applied; if the next-to-last bullet is appled, we instead get 
n,_|_i = Ui, and just set /ij+i = hi. 

The process continues until we reach {jti^t) satisfying 

either jr < jo, or dr > 2/3, (7) 
whichever of these occurs first, where jo = jo{p) is as appears in Proposition 

m 

At each process of the iteration we need to maintain a number of invari- 
ants, in order for Proposition [T] to apply at the next iteration, and in order 
for us to later show that we reach a > 2/3. These invariants are: 

• We have that if {bi, bp"t } are the elements of Wp^t arranged so that 

Mbi)\ > 1/1,(62)1 > 

with 

bi = 0, 62 = -^3, h = -h, 

then 

Mb,j\ < e^l'"^''p-^. (8) 

• The ineqalities in ^ will be maintained; that is, 

^i^'^' p«» > 2p"'/2^ and \ f{aj^-i)\ > 2p"»/2^ (9) 



• We have that 

= p-'^'J^ahia) > e. (10) 



(^3,^3) 
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• We have that 

support(/ij) has a 3AP =^ S has a SAP. (11) 

• We will have that, except possibly at the last iteration, all the 

ji > JO. (12) 

• We have that, except at the last iteration, 

Si < 2/3. (13) 

• The dimensions rii never get too small; in fact, we will have that 

Hi > 99n/100. (14) 

• A final invariant, which we will prove in a later subsection is that 

1/2 + 5i+i ^ , loglog(jO -loglog(jj+i) 
1/2 + 6, - ^+ 10 ■ ^^^^ 

Prom this last invariant, it will follows that 

1/2 + St > -, , loglog(j) - loglog(iT) 
1/2 + 6 - 10 

And so, if our process terminates with Jt < jo we will either have that 

1/2 + St loglog(Jo) - loglog(jo) 

1/2 + 6 - ^ 10 

which can be made as large as desired by choosing Jg as large as we like 
(relative to jo); or else, our process terminates early with 6t > 2/3, but 
with j > Jo- Either way, we can have our process end with 

(5t > 3 and Jt > jo, or with 6t > 2/3 but 2 < jT < jo- 
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Either way, if jo is large enough, it will give us that 

\hT{b,,)\ < ^^-+VV2, 

and therefore since by (jl4p we have tlt > n/2, it follows also that 

E(/it) > ^ > P""/^ > 2p""^/^ 

Proposition [3] will imply then that the support of hx contains a three-term 
progression, which would mean that S does as well. 

1.2.5 Proving that the invariants all hold 

Let us suppose that we have already applied Proposition [1] t — 1 times, and 
so have produced 

(j2,52) ■■■ ^ {jt,St), 

as well as the corresponding functions hi and the dimensions nj. We will 
assume that 

jt > Mp), 

since otherwise t = T and we are done. 

We note now that the hypotheses of Proposition [1] hold for the function 
/ replaced with ht (and F by Fpi^ ) . So, one or the other of the conclusions of 
that proposition must hold. We may assume, moreover, that one of the last 
two conclusions must holds, since otherwise S has three-term progressions 
and we are done. 

Case 1 (next to last conclusion). Suppose that the next to last conclu- 
sion of Proposition [1] holds. Then, we set 

ht+i := ht, nt+i := nt, jt+i := [jt/SO], (16) 

and we let 6t+i satisfy 

2.^r^' = J^r^-^ (17) 
Note that our conclusion of Proposition [1] gives us 

.l/2+«t+l 

which means that ([5]) holds. 
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Since ht satisfies the second part of invariant ([9]) , and since we have ([16]) , 
we must have that 

> |/it+i(6jt+J| = \htibijt/5o-])\ > \htibj,-i)\ 
So, the second part of ([9]) holds for /ij+i. Furthermore, 

imphes that the first part of ([9|) holds for /if+i; so, we have that ([9]) holds 
for our new function ht+i and choice of jt+i and (5f+i. 

From the fact that ht+i = ht we get for free that (|lUp . pip , and (|14p all 
hold. The only invariant we have to show, then, to finish this case is that 
(|15p holds, which we now do (we don't have to worry about p2p or (|13p 
because the only time they could be violated is at the last iteration): We 
note from (fTTl) that 

1/2 + ,54+1 _ log 2 



1/2 + 6t {1/2 + 6t) log jt+i' 

On the other hand, we also have that 

loglog(ji) - loglog(ji+i) ^ loglog(it) - log ((logji) (l - ^ 



10 - 10 

log(l - log(50)/logit) 



< 



< 



< 



10 

log 50 



Slogjf 
log 50 
51ogjt+i 

log 2 



(l/2 + 5t)logit+i 



at least for jt sufficiently large and 5t < 2/3, both of which we assume to be 
true. So, we have that the invariant p5p holds. 

Case 2 (the last conclusion). Suppose that the last conclusion of Propo- 
sition [T] holds. Then, we set 

ht+i := h, nt+i := rit - 1, and jt+i = jt + 51 - [{jt/ 50)^^^ \, (18) 
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where h is as given in the proposition. One of the conclusions of Proposition 
[1] can thus be restated as 

We let 5t+i > be defined by 

0Jt+i ^ QJt 'pnt_ (19) 

The fact that such 5t+i > exists and satisfies 

is guaranteed by the facts that 9 < 1/p, nt+i = nt — 1, and and jt > jo- 
Now we have that 

.1/2+^4+1 

which therefore means that ^ holds. 

From the fact that hf satisfied Q we have that 

which, along with (jl9p . implies that 

So, we have that ([9|) holds as well for ht+i- 

Furthermore, ([H]), and ([13]) will ah hold. We wiU have to hold 

off for the time being on showing that (jl2p holds, as its proof amounts to 
showing that it does not take more than n/100 iterations before our process 
of constructing the functions hi terminates. 

It remains to show that ()15p holds. To do this, we observe from (1191) 
that 

1/2 + 5t log,.,, + U/^-^Mog,,,J • 
Now we claim that 

: > 1 + log log Jt - log log jt+i , 
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which can be seen by letting jt+i = jl ^ , < j < 1, and then noting that 
this inequahty is equivalent to 

^ > l-log(l-7), 
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which is easy to verify on taking a Taylor expansion. 

So, to verify (jlSp we just need to address this big-oh error term above. 
This we do by noting that the value of jt+i given in (jlSp implies that 

log it ^ 1 



log jt+i 1 + 1 log f 1 _ 0V50)^/^-5i\ ■ 

By having jo sufficiently large, we can arrage to have the right-hand-side 
exceed 

1 

1 + 



o -1/2 , • ' 

8jt' logjt 



and, in fact, by choosing j'q large enough, we can have that the big-oh error 
term on (j20p will be strictly smaller than 

1 f logj't ^ 



2 \log jt+ 

So, it follows that 

1/2 + 5t+i log log Jt - loglogjt+i 

l/2 + 5t ^ 2 

which thus establishes psp for /ij+i (in fact, it establishes somewhat more). 

We note that three still remains the problem of showing that (jl4p holds, 
and we will establish this in the next sub-sub-section. 



1.2.6 A lower bound on the residual dimension, and the conclu- 
sion of the proof 

To fix this last loose end of showing that (jl4p holds, note that only case 2 
above, where rit+i = rit — 1, could cause us problems. The absolute worst 
thing that could happen, then, is if we were in Case 2 every single step of the 
way. Let us see what value for the final dimension nj- this would give: First 
we claim that the absolute most number of times we could pass through 
Case 2 is: 

T < 20^1/2 logj, (21) 
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which would prove that at each iteration, 

nt > n-20//2logi > n - n^-^/2+"(^) > 99n/100. 
Here, we have used the fact that 

n < 



Let us now see that (j2ip holds: First, we will use the fact that 

jt+i < it - j^Vio 

at least if jt > jo is sufficiently large. So, if we run the process Case 2 for 
at least lOj^/^ steps, then we claim that we will reach a 

jt < j/2. 

To see this, note that at each step i where 

i < t := lWj'/^\, 

if we always had that 

ji > j72, 
then we would get that at step t that 

jt < j - (t- 1)072)1/2/10 < j/2, (22) 

for j sufficiently large (say j > jo)- 

Applying (I22p iteratively, we see that so long as j' is sufficiently large, if 
we pass through Case 2 for 

m = Ll0ji/2log(j7i')/log(2)J +1 
iterations, our value of jm will be less than So, after at most 

T < 20^1/2 log j 

steps we reach our 

dr > 2/3 or jr < jo, 

which finishes the verification of ()14p , and so finishes the proof of our theo- 
rem. 
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2 Proof of Proposition [T] 

The proof of this proposition is fairly complex, and itself requires two long 
lemmas, both of which are proved in seperate subsections within this section. 
The next subsection contains the statements of these lemmas. 

2.1 Preliminary Lemmata 

Lemma 1 We begin by supposing that B > 1 is some integer constant, that 
n is sufficiently large (as a function of B ), and that / : F — > [0, 1] satisfies 

< := E(/) < 1/4. 

// there exists an index 

I < i < F/B 

such that 

if \f{ae)\ = 7F, then \f{aBe)\ < Oj^F, 
then one of the following two conclusions must hold: 

• Either 

A(/) > (23) 

• or, if we let 

Ri := {ai,...,ai}, and 1^2 := {«!,•••, Ofi^}, 
then there exists t €¥ such that 

\R2n{R2 + t)\ > 

2.2 Body of the proof of Proposition [1] 

We begin by noting that we may assume that 9 < 1/4, since otherwise 
Meshulam's theorem [2] implies that S contains a three-term arithmetic 
progression once n is sufficiently large. 

Next, as in the hypotheses of our Proposition, we assume that that 

6 > e > 0, 
18 



and we let 



B := 50. 



The proof of our Proposition amounts to verifying that we can perform 
a certain type of "Roth iteration" , where at each step the number of "large" 
Fourier coefficients decreases a lot, due to the additive structure of R2 elu- 
cidated in Lemma dJ 

2.2.1 Two cases 

Now, let 

k := \j/B], k > ko. 

(which forces j to be sufficiently large in terms of e), and then define 7 > 
via the relation 

l/K)| = iF. 

Then, we either have that 

I /(am-) I < I'F, (24) 

or we don't. 

Case 1 (reverse inequality holds). If the reverse inequality holds, by 
which we mean that 

\f{aBk)\ > I'F, 
then it follows that for k sufficiently large, 

|/(a.)| < e^'^'^'f^F < e^'^'^'^'F, 

which is one of the conclusions of our Proposition. 

Case 2 (inequality ()24p holds). On the other hand, if holds, then so 
long as k > kQ and n is sufficiently large, we will have that the hypotheses 
of Lemma [1] are met for i = k. So, one or the other of the conclusions of 
Lemma [T] must hold. 

If the first conclusion of Lemma [1] holds, then we have that S contains 
a three-term arithmetic progression since we have from ([2]), along with the 
fact k < j — 1, that 

A(/) > ^7^4 > 9{2F~^/^f/A > OF'^. 
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If the second conclusion of Lemma [T] holds, then we have that 

R2 := {ai,...,aBk} 

satisfies 

\R2r\{R2 + t)\ > k^/\ 

for some t € F. So, since 

j < Bk < j + B, 

we deduce that if 

R := {ai,...,aj}, 

then 

\Rn{R + t)\ > k^l'^-B > {j/Bf^-B. (25) 
We now initiate another sub-subsection to expound upon this last case. 

2.2.2 Construction of the function h, and conclusion of the proof 

Let t be as in (j25p . and then define 

y := G F : t> • t = 0}; 

that is, V is the orthogonal complement of the one-dimensional subspace 
generated by t. Next, suppose that x is some multiple of and then define 
the function 

where V{n) is just the indicator function for V . Since V is isomorphic as a 
vector space to Fpn-i, say the isomorphism is 

99 : Fpn-i — > y, 

then the new function 

h{n) = {goip){n) 

satisfies 

h : Fpn-i [0,1] 

and if we let 

T = support(/i), 

then T has a non-trivial three-term arithmetic progression implies that g, 
and therefore /, both do as well. 
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Passing from / to this new function h defined on a smaher dimensional 
space, constitutes one Roth-Meshulam interation. We now consider what the 
Fourier coefficients of h look like: As is well known (and easy to show), the 
Fourier coefficients of h are the same as those of g (when the Fourier trans- 
form is restricted to V), since vector space isomorphisms preserve Fourier 
spectra. Thus, to compute the largest Fourier coefficients of h, we just need 
to compute those of g. With a little work one can see that for v (zV, 

9{v) = p-'j:ueF,e'^'''''^^f{v + tu); (26) 

that is, g{v) is some sort of weighted average over f{v + tu) where u ranges 
over Fp. 

Let us assume that x is chosen so that g{0) is maximal, and therefore 
satisfies E(/i) > 0. Such x exists becasue the average of ^(0) over all x is 

Next, let us consider how many Fourier coefficients g{v) satisfy 

\giv)\ > 

Clearly any such v must have the property that at least one of 

\fiv)\, \f{v + t)\, OT\fiv+{p-m > ^^"^'V. 

Furthermore, since we are assuming that ()25p holds, we must have that for 
at least (j'/i?)^/^ — B of these values v gV, the sum in ([26|) contains at least 
two elements from 

R := {ai,...,aj}. 

What that means is that there are a lot fewer v where \g{v)\ is large, than 
there were places a where |/(a)| is large. In fact, we will have that if we 
write 

Fpn-i := {6i,...,5g}, where G := 
where the bi are arranged so that 

IM^l)| > \h{b2)\ > ■■■ > \h{bG)\, 

then for any 

£ > j - {j/B)'/^+B, 

we will have that 

This finishes the proof of our Proposition. 
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2.3 Proof of Lemma [T] 

Suppose that the hypotheses of the Lemma hold. We will first establish the 
following claim. 

Claim. Suppose that there exists a pair of points 

bi, 62 G Ri, 
such that the only triple of the form 

—2a, a + 61, a + 62 

lying in R2, is 

0, 61, 62. 

Then, we must have that ()23p holds. 

Proof of the claim. We begin with the basic fact that 

A(/) = F--'j:J{affi-2a). 

What we will do is modify the product of the two /(a) in the f{a)'^ to 
/i (a) /2(a) in such a way that we can produce a lower bound for A(/), while 
at the same time making use of the hypothesis of the claim. 

These new functions are 

:= /Me^^^^i-^/P, 

and 

/2(m) := /(m)e2^^^2-m/p^ 

Clearly, 

support(/i) = support(/2) = support(/); 
and so, we must have that 

A(/) > F--' Y.ah{a)h{a)f{-2a) 



Let us now look at this sum over a a little more closely: First, we observe 
that 

/i(a) = S™/Me2--(^^+'^)/P = /(a + 61), 
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and 

/2(a) = E™/Me'™('^+")/^ = f{a + b2). 

Thus, 

A(/) > F-3|sJ(a + 6i)/(a + 62)/(-2a) . 
From this, and the hypotheses of our claim, we can easily deduce that 

A(/) > F-3l/(6i)/>2)/(0)| - sup |/(a)|Eal/(a)P 

aGF\_R2 

This then proves the claim, as 6* < 1/4. 

■ 

From this claim we easily deduce that either ()23p holds, or else for every 
pair 

61,62 G -Rl 

there exists a such that 

—2a, a + 61, a + 62 £ R2- 

So, by the pigeonhole principle, either ()23p holds, or else there exists a such 
that — 2a G i?2 and 

|{(6i, 62) € iii X i2i : a + 61,0 + 62 G i?2}| > i\Bi)-^ 

= i/B. 

In other words, 

\{beRi : a + beR2}\ > (l/B)^/^. 

So, 

\R2n{R2 + a)\ > \R2n{Ri + a)\ > {ijBfl^, 
and the Lemma follows for t = a. 

3 Proof of Proposition [2] 

First, we require the following: 
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Lemma 2 For 1 < j < F^^^ , there exists an additive subgroup V of ¥pn 
having dimension [3n/4j, so that all the cosets 

ai + V, Uj + V, -2ai + V, -2aj + V, 

are distinct. 

The proof of this lemma can be found in a later subsection within this 
section. 

Now we define an auxiliary function g to be 

g{m) = {fW*V){m) = J^b^v f (m - b)W {m - b) , 

where V{m) is the indicator function of the subsapce V given in Lemma [H 
and where W{m) is the indicator function ofW = V-^. A simple calculation 
reveals that 

T^vevfia + v), if a G 

0, if a ^ W. 

We now introduce some additional notation: Given an a G .F, we write 
a uniquely as 



5(a) 



a = uj{a) + v{a), where w{a) G W, and v{a) G V. 
From the conclusion of Lemma [2] above, we have that for i = 1, j , 



\g{w{ai)) - f{ai)\ 



E vev f{w{ai) + v] 

< \V\ sup \f{w{ai)+v)\ 

vev 



< |T^|-|/(a,+i)| 

< e^\V\/32. (27) 
Here, we have used the conclusion of Lemma [21 which implies that 

{ai,...,aj} n {w{ai)+v : veV, f / f (oj)} = 0. 
Also, note that one of the hypotheses of Proposition [5] implies that 
|/(a,+i)| < |/(a,)| < 9^32. 
We likewise can deduce from Lemma [2] that for i = 1, j, 

\gi-2w{a^)) - /(-2ai)| < 9^\V\/32. (28) 
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On the other hand, we have that 
iiweW, w{ai) (for any i = 1, j), then \g{w)\ < e^\V\/32. (29) 



Before pressing on, let us point out one conclusion of ([27|) that we will 
use later on: 

\E{g) - E(/)| = F-^\m-fm < F-^\V\ = \W\-\ (30) 

Putting together the above observations we can deduce that 

T,m,d&9{'m)g{m + d)g{m + 2d) = F''^Y,wew9{wf9{-'^w) 

= F-'j:J{aff{-2a) + E 

= J:m,d&f{m)f{m + d)f{m + 2d) + E, 

where ii^ is a certain error that can be computed through the use of the 
Cauchy-Schwarz inequality as follows. 

3.1 The error E 

First, we observe that 

F-'j:Jiaff{-2a) = F-'^Ufia,ff{-2a,) + E,, 
where by Parseval and Cauchy-Schwarz, 

\Ei\ < F-V>,+i)ISal/(«)l' < O^F/32. 
Next, we have that 

F''j:Ufiaiffi-2ai) = F-^Y^^^^g{w{ai))f{ai)f{-2ai) + E2, 
where by Parseval and Cauchy-Schwarz 



\Eo 



F-'j^Uifiai) - g{w{ai))f{ai)f {-2a,) < e^|F|F/32. 



Next, we replace another of the factors /(a^) with g{ai), incurring a small 
error: We have that 

F-^j:Ug{w{a,))f{ai)f{-2ai) = F-^T/i=ig{w{ai)f f{-2ai) + \E^\, 
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where by Cauchy-Schwarz, Parseval, the fact that < g{m) < 1 and ([30]). 
we have that 

m = \F-^j:Lj{w{ai)){f{a,)-g{w{ai)))f{-2a,)\ < 9(0 + \W\-^)\V\F 

< e^\v\F/w. 

Next, we replace the /(— 2aj) with g{—2w{ai)) using ()28p . by first writing 
F~^j:i=i9{w{a,)ffi-2ai) = F-^Y^^^^g{w{ai)f g{-2w{a,)) + E4, 
where 

\Ea\ = \F-^Y^,^^g{w{ai))\f{-2ai)-g{-2w{a.i))) 

< e^{e + \w\-'^f\v\F/32 

< e^\V\F/16. 
Finally, we consider the complete sum 

F-^j:^ew9iwfgi-2w) = F-^T;^^^^g{w{a,)fg{-2w{ai)) + 
where by (j29p . Cauchy-Schwarz, and Parseval, we have that 

l^sl < F-^\V\{e+\W\-'^)e'^F'^/?,2 < 6^\V\F/16. 



Combining the errors Ei, E2, E3, E4 and E^ , we deduce that 

\E\ < e^iviF/A. 

3.2 Resumption of the proof of Proposition [2] 

To finish the proof of the proposition, we derive a lower bound for A(g), 
and then a lower bound for A(/): First, observe that since g is translation- 
invariant by elements of V, we have that 

Aig) > F-^\V\^j:^^w9iwf > \W\-^\W\{e - \W\-'f > i2\W\)-^e\ 
On the other hand, our bound on E above guarantees that 

A(/) > A{g) - F-^\E\ > {2\W\)-^e^ - {A\W\)~^e^ 

which exceeds the trivial lower bound of 6\F\^'^ so long as 

In other words, our theorem holds, so long as 

e > 2pF-^/^. 
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3.3 Proof of Lemma [2] 

By basic properties of subspaces, the claim of the lemma is easily seen to be 
implied by the statement 

BnV = 0, (31) 

where 

B := {oii - : 1 < ii < ^2 < j} U {2ai^ + : 1 < ii < ^2 < j}- 
Note that 

1^1 < j(i-i)- 



The idea will be to show that with positive probability, a randomly 
chosen subsapce V of dimension 

n' = [3n/4j, 

satisfies (|3ip . To this end, we first observe that the probability that any 
non-zero element of F happens to lie in our ranomly chosen V is the same 
as any other non-zero element of F; so, for any x S F \ {0} we have that 

\V\ - 1 

Prob(x eV) = ^ — —. 

It follows that the probability that none of the element of B happen to lie 
in V is at least 

1 - jO--i)V3r > ' - - — F-1 > °- 

This completes the proof of the lemma. 



4 Proof of Proposition [3] 

First, we may assume that 9 < 1/p, since if 9 > 1/p we have by Meshulam's 
theorem [2] that for n sufficiently large that the set S contains a three-term 
arithmetic progression. 

The proof of the proposition will be very different according as to whether 

j < 3n/2, or 3n/2 < j < F^/^. 
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4.1 Case 1: j < 3n/2 

As the title of this subsection suggests we will assume that 

j < 3n/2. 

Let 

V := span(ai, Oj). 
Using the fact that 02 = —03, 04 = —as, and so on, we deduce that 

y _ ( span(a2, 04, aj), if j even; 
I span(a2, 04, Oj_i), if j odd. 

Note that in either case, we will have that 

dimFp(y) < 3n/4. 

Next, define W to be the orthogonal complement of V, and let 

g(n) = f{n - x)W{n), 

where W{n) is the indicator function for W. By averaging we can clearly 
choose X so that 

IE(5) > \V\-^e; or, equivalently, g{0) > e\W\. 

Now, if we let T be the support of g, then T contains a non-trivial three- 
term arithmetic progression clearly implies that S does as well; and, to 
decide whether T has three-term progressions, we compute 

J:a,dew9{a)gia + d)g{a + 2d) = \W\-^^f,^wg{bf9i-'^b) 

= \W\-^m^ - E, (32) 

where the error E satisfies 

\E\ < M\wr^j:,^w\m\^ < Mm, 

where 

M := sup \g{b)\- 

bGW\{0} 

So, the quantity in ([32|) is at least 

m{\W\-^g{Of-M). (33) 
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To bound M from above, we will need a formula for the Fourier transfrom 
g{b), and such a formula (which is easy to show) is 

Now, if 6 = 0, then this sum will include all the /(aj) for « = 1, j; and, 
\ih ^W \ {0}, then the sum includes none of these numbers, which implies 
that 

for6GTy\{0}, \g{h)\ < |/(aj+i)| < < 

Thus, 

and it follows that the quantity in (j33|) is at least 

g{0){\W\-^g{Of -e^\W\/2) > e^\W\y2. 

In order for S to contain a non-trivial three-term arithmetic progression, we 
need that this last quantity exceeds and it does provided that 

9 > 2\W\-^/^ = 2(p"-di'"(^))-i/2 > 2p-"/s = 2F-i/^ 
4.2 Case 2 : 3n/2 < j < F^l^ 

To handle this case we will apply Proposition [2) First, from the hypothesis 
of our Proposition [3l along with the assumption j > 3n/2 we have for n 
sufficiently large, and 9 <l/p, that 

\f{aj)\ < 9^+^F/2 < 6*2/32. (34) 

Of course if > 1 /p, then we know from Meshulam's theorem j2j that for n 
large enough, S contains a three-term arithmetic progression. 

So, since (|34p holds we have by Proposition [2] that S contains a three- 
term arithmetic progression, and our proposition is proved. 
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